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1 INTRODUCTION

The purpose of this package is to share with you a few secrets of math
instructors’ thought process as we prepare exam questions. This is NOT a
comprehensive review of Math 105 material, and is NEVER intended to replace
the textbook, your lecture notes, homework exercises, and so on. However, I
hope to assemble some of what you have learned through the semester from
working on a few chosen problems. You should also add your own collection
of problems to each relevant section in this package.

What you have learned in Math 105 can be summarized into the four facets
of a pre-calculus tetrahedron: functions, their graphs, modelling, and
transformation. For each category of functions, you need to know its do-
main, range, z- and y-intercepts, asymptotes, extrema, intervals of
increase and decrease, and functional inverses. Once you have a firm
grasp of the characteristics of functions from both algebraic and graphical
perspectives, you can tackle modelling problems and recognize their trans-
formations. The most fundamental algebraic skill needed is to solve for a
particular variable, often called x.

2 TYPES OF FUNCTIONS

Here is a list of functions you encountered in Math 105. As you go through
them, think of the type of equations you may see to solve for z, their graphs,
modelling problems, and their graphical transformations.
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a The absolute value function: |z|.

b Polynomials: constant function, linear, quadratic, higher degree and
multiplicity of a zero, and invertible pieces.

c Rational functions: zeros, y-intercept, vertical and horizontal asymp-
totes, oblique asymptotes.

d Trigonometric functions: period, amplitude, inverse trigonometric func-
tions.

e Exponential and logarithmic functions: 10%, log(z), e, In(x).

f Piecewise defined functions: the greatest integer function, [z] (also
denoted by [z].)

With these basic functions, you can perform function operations like +,
—, X, +, and function composition to obtain new functions for which you
need to analyze.

3 EVALUATIONS AND SIMPLE FACTS
Know your functions well and remember exact values for special functions.

Problem 1 Recall some simple facts for each question below.
a Does a polynomial of degree 6 always have 5 turns in its graph?

b What is the minimum number of crossings on the z-axis for the graph
of a degree 4 polynomial?

¢ Give the vertex of the parabola: y = —3(z — 5)? — 4.

d Give the horizontal asymptote(s) of f(x) = %.

—5In(#) 5o that your answer contains no e and no In.

e Simplify e
f Evaluate logs(g;)-
g Give the domain of g(z) = In(3 — ) in interval notation.

h Is the square root function h(z) = /4 4+ x invertible in its domain?

2
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i Find the disjunction of x > 3 or z < 5 in interval notation.
j Give the range of h(z) = (3)".
k Give all vertical asymptotes of g(t) = cot(t).

1 How many solutions does the equation 2sin(¢) + 1 = 0 have for all real
numbers ¢7

m Evaluate cos™(—3) in radians.
n Evaluate tan(330°).

o For § € (0,7), solve for 6 in sin~*(cos(#)) = —

coln

4 SOLVE AN EQUATION
You need to know how to solve equations with and without a calculator.

Problem 2 Solve the equation sin(1 + £) = (z — 1)> — 5 for « in [—, 37].
Give your answer(s) to 4 decimal places.

Problem 3 Solve each analytically.
a sin(2z — 1) = -1 for z € [-m, 7.
b tan(3) = —1 for all real numbers z.

c logy(sec(x)) = 1.

5 GRAPH READING AND TRANSFORMATION
Learning how to read a graph is one of the required skills for Math 105.

Problem 4 The graph of y = f(z) in Figure 1 on the following page consists
of pieces of lines and pieces of parabolas. Use the graph to answer the
following questions.

a Find the domain of f.

b Find the range of f.
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Figure 1: A piecewise function consisting of line segments and pieces of
parabolas
c Solve f(z) = —6.
d Find all minimum points of f.
2—x
e Let g(z) = % + 7. Evaluate g(—2).
f If you restrict the domain to just (—8, —4], is f invertible?

You also need to translate what you see in a graph into a particular
function with the properties shown in the graph.

Problem 5 Given the graph in Figure 2 on the next page, write a function
for the parabola.

Problem 6 Match each function with its graph from Figure 3 on the following

page.
a f(z)=(z+1)*(z—3)*(x —06) c f(x)=—(z+1)3x —3)(z—6)
b f(z)=(z+1)(z —3)(z — 6) d f(z)=(x —1)*(z+3)(z +6)
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Figure 3: Four polynomials
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Problem 7 For the graph of each of the following functions, find a function
according to the specification. Trigonometric functions use radians.

a Fit a tangent function.

Y

b Fit a co-secant function.

c Fit a natural exponential (base e).

Yy
R Y
\ N
Yy
T

Problem 8 Match each graph (A-F) with its function (a—x).

A / B C
Answer: Answer: Answer:
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A I
AR

Answer: Answer: Answer:

ay=—sinz+%)+3 my=-2"1-1

b y=sec(zx —F)+1 n y=z(z*+5)

cy=logy(x+1)+1 0 y=cos(z)+3

d y = sec(z) — 3 py=cos(zx—%)—3

e y=(r+14)(2* +5) qy=—tan'(z)+ 7%
r—1 =1 ™

£ u= ry=sin"(z)—%

Y (x4 6)x 2

r+3

g y=sin(z) -1 YT ts

hoy— z—9 t y=—(z+15)(z +7)(z + 3)
(x —6)(x —12)

uy=-271_1
iy=sin"tz+1)

— _3
o s —13 v y = —sec(x) — 5
I = =6)(x —12) (z — 4)?
w oy =
k y=—(z+4)(z—4)(z—28) -75
x+4
1y=tan'(z)+% XY=7,738

6 MODELLING

Knowing how to translate a word problem into a mathematical function needs
lots of practise. By now, you should be able to recognize the function required
for each problem below.
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Problem 9 The arch of a bridge is in the shape of a parabola 14 feet high
at the centre and 20 feet wide at the base; see Figure 4. Express the height of
the arch, h(x), in terms of the distance, x, from the centre. State the domain

of h.

141t

— X —

20 ft

Figure 4: A bridge

Problem 10 A weather balloon is rising vertically. An observer is standing
on the ground 100 metres from the point where the weather balloon was
released.

a Express the distance, d, between the balloon and the observer as a
function of the balloon’s distance, h, above the ground. Provide a
diagram as part of your solution.

b If the balloon’s distance (in metres) above the ground after ¢ seconds is
given by h = 5t, express the distance, d, between the balloon and the
observer as a function of ¢.

Problem 11 A box with a hinged lid is to be made out of a piece of cardboard
that measures 20 by 40 inches. Six squares, x inches on a side, will be cut
from each corner and the middle as shown, and then the ends and sides will
be folded up to form the box and its lid; see Figure 5 on the following page.
Find all values of x that would result in a box with a volume of 500 cubic
inches.

Problem 12 The half life of DDT is 12 years, and 2 million pounds were
sprayed in 1944. How many pounds remain in 20127

8
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Figure 5: A pizza box

Problem 13 A virus infects 10% more people every week. If 200 people
have the virus initially, how many have the virus after half a year? Assume
52 weeks per year.

Problem 14 How long will it take an initial investment of $P to triple when
deposited in an account that earns 4.75% per year compounded continuously?

Problem 15 A circular bike track has a radius of 50m. When John races
at a linear speed of 30 km/h, what is his angular speed? (Not all instructors
introduce these concepts.)

Problem 16 Find the area and perimeter of the shaded region in Figure 6.

AN

Figure 6: Area and perimeter
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Problem 17 From a point on the ground 500 feet from the base of a building,
the angle of elevation to the top of the building is 24°, and the angle of elevation
to the top of a flagpole atop of the building is 27°. Find the height of the
building and the height of the flagpole to nearest foot.

Problem 18 A stuntman is going to jump off a tower of height 100 metres.
A camera on the ground at a fixed distance from the base of the tower rotates
to follow the path of the stuntman as he jumps. How far is the camera
from the base of the tower if the angle of the camera is initially 35° above
horizontal?

Problem 19 Fandoss parcel service charges $25 for overnight delivery of
packages weighing 1kg or less. Each additional kilogram (or fraction thereof)
costs an additional $4. Let C' be the charge for overnight delivery of a package
weighing x kg. Write an expression for C'if 0 < < 10. Draw the graph of C.

Problem 20 A storage container in the shape of an open box is required to
contain 100m3. The width of the container is 5m less than its length. The
material for the sides of the box costs $1.40 /m?, and the material for the
bottom costs $2.75 /m?. Determine the minimum material cost of constructing
such a container. Round your final answer to nearest cent. If you use your
graphing calculator, you must show the graph as part of your solution.

Problem 21 A boat is cruising the ocean off a straight shoreline; see Figure 7.
Points A and B are 200 km apart on the shore. If /A = 42.3° and /B = 68.9°,
find the shortest distance from the boat to the shore.

boat

B

Figure 7: A boat cruising the ocean

10
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Problem 22 In a tidal river, the time between high tide and low tide is 6.4
hours. At high tide, the depth of the water is 8.2 metres, while at low tide it
is 6.6 metres. Assume that the water depth follows a sinusoidal function of
time. If high tide happens at noon, find a function d(t) that gives the depth
(in metres) of the water ¢ hours after noon. Graph your function as part of
your solution.

7 PIECEWISE DEFINED FUNCTIONS

Constructing piecewise defined functions or translating such a graph into
algebraic expressions needs practise. You should always keep the relevant
domain in mind. Can you identify a modelling problem above that requires a
piecewise defined function?

Problem 23 Figure 8 shows the graph of f. Express f as a piecewise defined
function.

Y

e

= f(a
/7

Y

Figure 8: A piecewise function

Then graph y = 2—f(z) and y = [ f(5)| on separate grids. Give coordinates
to all points of interest for both graphs.

Problem 24 Consider the function f defined by

2 ifr=1orxz=28;
flz) =1z ifl<z<4doraxz=09;
12—-3z if4<zx<7.

a Draw the graph of f.

11
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b Express the domain of f in interval notation.

c Express the range of f in interval notation.

d Find the maximum value attained by f(z) for x in [1,4].

e Find the minimum value attained by f(z) for x in [1,4].

f Find the inverse of f or explain why an inverse does not exist.

g Evaluate exactly
f@2m) — f(2e)
21 —2e

Problem 25 The graph of the piecewise defined function f in Figure 9
consists of a line segment and part of a cosine curve. Write an expression for
f. Use interval notation for the domain.

U
J

-5

Figure 9: A piecewise function

Problem 26 Match each graph (A-J) with its equation (1-30).

A C

Answer: Answer: Answer:

12
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D E / F
O
Answer: Answer: Answer:
G H I
Answer: Answer: Answer:
J
Answer:
=—|z+7 -3 6 4 — ix+5  aw<—4
v= —2r—5 x> -4
_{—2x+3 r<4
—%x—S T >4 7 —%x <0
v= —2x x>0
{%x <0
2 w>0 g, |25 a<a
) lx—5 T >4
_J2r+3 < —4 2
)2z +3 <4 10 4 — %x—?} <4
" \le-3 24 " w+s a4

13
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11 g %x+3 x <4 21 y=—|z| -3
)22 —-3 z>4
99 4 — 20 +3 <-4
12 y = ~|o+7] T le-3 2>
1y z <0
13 y=<2 -
Y {—2x >0 23 y = 2c —3 <-4
%x—i—S T > —4
14 y=|z| -7

15 y=]z—7+3 24 y=—|z|+7

2 3 <4 —2r—5 <-4
16 y=4 "0 TS 25 y=1
x—3 x>4 5t+5 x>—4

20 -3 <4 26 y=—|z—17|
17 y = 1
—5x+3 >4
27T y=—|z —5|+7
ir-3 r <4
18 y=<2 - _1 _
Y {—2x—|—3 x >4 28 y = pr 3 rs—d
—2r—3 x> -4
-2 <0
19 y = s
1 x>0 -2z <0
2 29 y=+<,
5T x>0
—lr—3 <-4
20 y = 2
—2x+3 =>4 30 y = |z

8 (COMBINATION OF TOPICS

Instructors like to combine different topics from Math 105 into one question,
like this:

Problem 27 Consider a straight line on the x—y-plane passing through points
(4,1) and (—5,4). Find the acute angle formed by the line and the z-axis.

Problem 28 Figure 10 on the next page shows a square inscribed in a circle
with centre (0,0). Find the coordinates of A, B, and C.

14
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>Cﬂ

Figure 10: An inscribed square

Problem 29 Figure 11 shows a square inscribed in a unit circle with centre
(0,0). Find the coordinates of A, B, and C.

s

Y
(—0.9563, 0.2924)/%
A

Figure 11: An inscribed square

9 SOLUTIONS

1aNo; b0; c¢(5,—4); dy=-3; eZ; f—4 g(-00,3); h Yes;
i(—00,00); j(0,00); kt=nm,necZ loo; m2r/3; n —1/V3;
o 57/6

2 Figure 12 on the next page shows the two curves, y; = sin(1 + §) and
Yo = (z — 1) — 5. A graphing calculator reveals that the intersections are at
r ~ —1.3104 and x ~ 3.3358.
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Figure 12: Two intersecting curves

alfsin(2x —1) = —3, then 22 — 1= —Z 4+ 2nwor 20 — 1 = I + 2nw
(where n € Z), so 20 = —% + 1+ 2n7 or 2z = T + 1 + 2nm, so
r=—-Z+i+nrorz="41+nm

In the interval [—m, 7] that becomes

Jf 1B 1 5 1 1 17
o R Ty TR T Ty R Ty Ty

If tan(z/3) = —1, then /3 = —Z+n7 (where n € Z), so x = —37+3n.

1
cos(x)

If logy(sec(z)) = 1, then sec(z) = 2, so
T = +% + 2nm, where n € Z.

= 2, s0 cos(x) = 3, 80

a The domain is (—8,—4] U (—2,9),
and the range is [—10,3) U [6, 10).

The graph in Figure 1 on page 4 clearly shows that f(0) = —6 and
that f(6) = —6. The solution between z = 2 and = = 4 requires a
bit more work: that part of the graph of f is a parabola with vertex
(2,—10). Therefore y = a(x — 2)*> — 10. Moreover, 1, —8) is a point
on the parabola, so —8 = a(1 —2)>—10,s02 =a(-1)?=a-1 = a.
Therefore the equation to solve is 2(x —2)? — 10 = —6, so 2(z — 2)* = 4,
so(z—2)72,s0r—2=%+v2 s0r=2++2 Butl<xz <4, so

=242

16
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d The minima are (2, —10) and (6, —6).

242 4 _
eg(—2):%+7:%+7:%+2—;:1{5—9.

f That part of the graph of f is a straight line with non-zero slope, so it

is invertible.

5 The vertex is (—2,4), so the quadratic has the form y = a(z + 2)? + 4.
Substituting (0,2) for (z,y) yields that 2 = a(2)? + 4, so 2 = 4a + 4, so
—2=4a,s0a= —%. Thus

f(x) = —%(m +2)2 4+ 4.
6aA; bD;, c¢cB; dC
7 a tan(@) = —tan(@)
b 2csc(f +2+7)
¢ —3(e"+1)
8 Ac; Be; Ci; Db; Eh; Fm

9 The vertex of the parabola is (0, 14), so h has the form h(x) = a(x—0)*+14.
Now h(10) =0, so a-10? + 14 =0, so a = —7t = —L. Thus

100

h(z) = —5—70:1;2 +14, 0<z <10,

where the height is measured in feet.

10  a Pythagoras: d? = h* + 100%, so d = v/h% + 10000.

b From above,

d =+vh2+10000 = /(5t)2 + 10000
= /2512 + 25 - 400 = 5V¢2 + 400, ¢ > 0.

17



Math 105 Review

40 1in.

Bottom Lid

201in.

Figure 13: Another box

11 The height of the box is x inches; the width of the box is 20 — 2z
inches; and the length of the box is @ inches. Therefore the volume
is 2(20 — 22)(%%5% = 2(10 — z)(40 — 3z) cubic inches. Using a graphing
calculator to solve z(10 — x)(40 — 3z) = 500 yields that z = 1.74, z = 6.23,
or x = 15.36.

If z = 15.36, the length and width are both negative, so reject that solution.
The other two both work out. Figure 5 on page 9 shows the x = 1.74 solution

while Figure 13 shows the x = 6.23 solution.

12 Exponential growth or decay formula: S = Pe™.

Since the half life is 12 years, %P = Pel? | so % = €' 50 12r = In(
r= 11—21n(%) ~ —0.05776.

The amount left in 2012 is then S = 2000 000" (20*271944) = 2 000 000" ~
2000 000e58(~0-05776) ~ 39373 so just under 40000 pounds.

%), SO

13 Exponential growth or decay formula: S = Pe™.
Since 10% more are infected each week, 1.10P = Pe™! (time, ¢, in weeks),
so r = In(1.10) ~ 0.09531.
Half a year is 292 days so %
half a year.) Therefore the number of people infected is S = 200e

5 weeks. (One could also use 26 weeks for
0-09531:365/14 ~ 9400, so about 2400 people.

r365/14

14 So 3P = Pet%T 50 3 = 007 50 In(3) = 0.0475¢, 50 t = g ~s 23.1,
so just over 23 years.

18
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15 John’s linear speed is 30km/h, or 280 m /s or 2 m/s. The length of the

track (the circumference) is 2r50 = 1007 metres, so 1t takes John 1097 = 127
seconds to complete one circuit. Therefore John travels at an angu{ar speed

of 27 radians per 127 seconds, or 12” = 6 radian per second.

16 The triangle in the figure is isosceles with base angles 27.5°. The right-

S~z
hand half of this triangle therefore looks like this: Thus

5
h = 5sin(27.5°) ~ 2.309 and x = 5cos(27.5°) ~ 4.435.

The base length of the original isosceles triangle is 2z, and the length of

the arc on the other side of the shaded region is égg 2m -5 = 1257 Therefore

the perimeter of the shaded region is 2x + 12571' ~ 19.78.
(2$)h

5 = xzh. The area of the entire

The area of the isosceles triangle is

sector, @ is 125 . 7. 52 = 8257 Therefore the area of the shaded region is

360 72

672257r —xh ~ 17.03.

17 See Figure 14. The height of the building is 500 tan(24°) ~ 222.6 feet, the

flagpole

building

27 940

500

Figure 14: A flagpole on a building

height of the building and flagpole is 500 tan(27°) ~= 254.8 feet, and so the
height of the flagpole is 500 tan(27°) — 500 tan(24°) ~ 32.1 feet.

18 See Figure 15 on the following page. Here, tan(35°) = 1% so z tan(35°) =

100, so x = % ~ 142.8 metres.

19
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100 m

35°

X

Figure 15: A stunt

25 O<zx<1
29 1<ax<2 o
33 2<x<3 o-e

37 3<x <4 o-e

19 C =214+ 4[2] = 41 4<zx<5h 0404

45 H <z <6 O—e

49 6<x<7
53 T<xz <8
57 8<x <9

(61 9<x<10 v

20 Say the length of the box is x. Then the width is x — 5, and the height,

h, is such that z(x — 5)h = 100, so h = xéo_%). The cost of the material

for the bottom is 2.75z(x — 5), while the material cost for the sides is
L40((2) + (z = 5) + () + (v = 5))h = 2.8(2z — 5)h = 2.8(22 — 5) - ;155
The total cost is therefore 2.75x(z — 5) 4+ 2.8(2x — 5) - m(io_%).

Figure 16 on the next page shows the graph of the cost function. The
graphing calculator finds that the minimum cost of $193.81 occurs when

r = 8.207.

21 See Figure 17 on the following page. Let x be the distance from the

boat to the shore. Then = + 7 = 200, so x(m + m) = 200, so

20
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cost
800 T
600 +
400 +

200

Figure 16: The cost function

42.3°

boat

68.9
B

Figure 17: A boat cruising the ocean

21
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z =200/ (s + mmgmy) & 134.Tkm.!

22 The amplitude is (8.2 — 6.6)/2 = 0.8; the vertical displacement is (8.2 +
6.6)/2 = 7.4; and the period is 2 - 6.4 = 12.8.
If you use cosine, the phase shift is zero, so

2
d(t) =0.8 COS(EWSSL’) + 7.4 =0.8cos(0.491x) + 74

If you insist on using sine, the phase shift is “left one quarter of the period,”
so —3-12.8 =-3.2, s0

2
d(t) =0.8 sin(vﬂg(as + 3.2)) + 7.4 = 0.8sin(0.491x + 1.5708) + 7.4

23 Figure 18 shows the two transformations of

2 —2<zr< -1
flz) =< -2z —-l<z<1
3 7
°

<
I
I
[\
|
~
2
»z-{\. =

Figure 18: Two transformations of the graph of f

24 a See Figure 19 on the following page; b [1,7]U{8,9}; ¢ [-9,0]U(1,2];
d2; e0; f f(1)= f(8),so fisnot one-to-one, so no inverse.; g 3

! Alternatively, call the angle at the boat C. Then C = 180° — A — B = 68.8°. By

Sine-Law, 5 = i@y s0 a = ﬁsin(A) = % sin(42.3°) ~ 144.4. Therefore

the distance from the boat to the shore is asin(B) a2 144.48in(68.9°) ~ 134.7 km.

22
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Figure 19: Yet another piecewise function

25
—3x 44, ze[-m0],

xTr) =
/@) {4 cos(2z), x € (0,7].
26 A30; B14; C19; D1; E16; F27; G12; HS8; 16; J2

27 The slope of the line is 4}(_:15) = _73 = —%. Therefore the angle to the

z-axis is tan~!(3) A~ 18.4°,
28 By symmetry, A = (=1,v3), B = (—v/3,-1), and C = (1,—/3).

29 By symmetry, A = (—0.2924,-0.9563), B = (0.9563, —0.2924), and
C = (0.2924, 0.9563).

23
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