Full Name:

11;/[?; 1;012256 Test 3 Student Number:
a
Dr. Lily Yen Show all your work Signature:
Score: /40

No Calculator permitted in this part. Read the questions carefully. Show all your work
and clearly indicate your final answer. Use proper notation.

Problem 1: Determine as, a4, and as of the sequence starting with n = 1.

a =1, a=2, a,=30,_1— 20,_o.

a3:3a2—2a1:3><2—2><1:4
ay =3a3 — 209 =3 x4 —2x2=8
a5:3a4—2a3:3x8—2x4:16

Actually, a,, = 2", but you were not asked or expected to find or prove that.

Score: /3
Problem 2: Solve the following initial-value problem.

%: Vit (ty)=(e0).

If tfl—i = /1 —y?, then [ \/11776@ = [ 1dt, so sin”"(y) = In|z| + C. Since y(e) =0,
sin™'(0) = Inle| + C, 50 0 = 1+ C, so C' = —1. Thus sin"'(y) = In|z| — 1, so

y = sin(In|z| — 1),

for non-zero z.

Score: /3
Problem 3: Determine the limit of the sequence or show that it diverges.
39 27 81 3"
G, =S 2L L (—1) e for int > 1.
e 5 25+125 625+ +(=1) pu O CBES T =

For partial marks, write G; and G5 without computing.

Gi=3,Gy= £

3
57
Since {G,} is a geometric sequence with common ratio —3/5, the (infinite sum is

3/5,  3/5 3

1—-(=3/5) 8/5 8



b. Sp=14 5+ G+ + .

This is divergent because p-test says that Y >, an is divergent for 0 < p <1 (and in
the problem, p = 3).

Score: /3

Problem 4: Determine whether the series converges conditionally, converges absolutely, or
diverges.

(=)t . .
. § ~ . Write out a few t before start lysis.
a 2 n\/ﬁ Irite out a Iew terms berore starting your analysis
Since
L (—1) ! 1 1 11
E S e
n\/ﬁ 2\/§ 3\/5 8 5\/5

n=1
is alternating and the terms decrease in size, the series converges.

Moreover, > >° ’(’:\)/%_1 ‘ = > o) =37, which is convergent by p-Test. Thus the

original sum absolutely convergent.

Score: /4

o0
n!
b. Z = Hint: Consecutive term ratio.

n=1

“n 1 2 6 24 120
Z—:g+—+—+—+—+m+an+m

— Hn 25 125 625 3125
where a,, = 5% Since, ‘“g“ = (”Jri!)/!éinﬂ = (";1) — 00 > 1 as n — oo, it follows from

Ratio Test that the series diverges to oo.
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Calculators permitted in this part.
Problem 5: Find the orthogonal trajectories of the families of curves where £ is a parameter.
Sketch at least three members of each family (the original and the orthogonal) on the same
coordinate system. Label each curve with its corresponding parameter (k) value.

1
r+k

y:

Ify:x—}rk,thenzl/:x—l—k, g§1_1 C=0

soi—a::k. Hence — _3
1 dy

—y—Z%—l:O,SO

dy _ _ 2

- Y-

Therefore the orthogonal
trajectories satisfy the

equation

dy

1
de  y?

so [y*dy = [dx, so
%yfﬂ:x—i—C, SO gs e
y* =3z +3C, so I I e o

y =3z +3C. < =

k=3

Score: /5
Problem 6: Find the sum of the series below by first graphing the nth partial sum for the
first 10 n’s. State your function entry and window dimensions in your graphing calculator.

G
1x3 3x5 b5x7 7Tx9

The denominator of each term in the summand is the product of consecutive odd integers.

(1)8 : ° L4 i ° ° ¢ ¢
: [ ]

0.8 °
0.7 1 °
0.6
0.5
0.4 1
0.3 1
0.2 1
0.1 1

\ \ \ \ \ \ \ \ \ \ ”

1 2 3 4 5 6 7 8 9 10

1 1 2i+1 2i—1 2
N20te thjt 2i-1 - 21 = (21'71)J(r21i+1)1_ @1 = 1(2@'71)(21;+1)‘lTherefore 1
ETEs Taa T =15tz sts it g =l-gp o lan—oo
TI-84 entries:
2

nMin =1, u(n)=u(n—1)+ u(nMin) = {g}

(2n—1)(2n+1)’

with window dimensions: (0,11) x (0,1.2), nMin = 1, nMax = 10.
Score: /5

Page 3 Math 126



Problem 7: Jasmine bought a cup of Tim Horton’s coffee which started with a temperature
of 75°C. She let it cool for 10 minutes and measured the temperature to be 70°C. Suppose
the surrounding temperature was 20 °C, find the temperature of her coffee an hour after her
purchase.

If T(t) is the temperature in °C of the coffee at time ¢ minutes, then 4¢ = k(20 — T'), so

dt
/ ! dT—/kdt
20—-T

so —In|20 = T| =kt + C, 50 [20 = T| = e ™ 5020 = T = e Y e = Ae™™ | s0

Y

T =20 — Ae™ ™

Now, 75 = T'(0) = 20 — Ae® = 20 — A, so A = —55. Moreover,

70 = T(10) = 20 — Ae™'% =20 + 55 1% 50 22 = ¢71% 50 In(10/11) = —10k, so
k= —31n(10/11) ~ 0.009 53.

Hence T'(60) = 51.0°C.

Score: /4
Problem 8: A pool holds 5000 litres of pure water. A tap is opened and a solution containing
0.2 g of chlorine per litre is fed into the pool for disinfection at a rate of 2 litres per minute.
At the same time, a drain plug in the bottom of the pool is opened and the thoroughly
mixed solution leaves at the same rate. How much chlorine is in the pool after two hours?

If y(t) is the amount of chlorine in the pool after + minutes, then the concentration is =55

Thus 0.4 g of chlorine enters the pool per minute and 2 x & = 52 grams leave. Thus

d 1 —
_y_04 Yy 000 —y

dt 2500 2500
Therefore [ m dy = [ 555 dt, so —In(1000 — y) = 345 + C, 50 In(1000 — y) = — 54 — C,
50 1000 — y = e /2500-C — A=t/2500 where A = e~ ¢. Hence y = 1000 — Ae /2590 and
since 0 = y(0) = 1000 — Ae® = 1000 — A, it follows that A = 1000.
The amount of chlorine after two hours is then »(120) = 1000 — 1000e~120/2°00 ~ 46.9 g.
Score: /6
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