
Math 124
Spring 2012
Dr. Lily Yen

Midterm
Show all your work

Name:

Number:

Signature:

Score: /55
No book, no notes, no cell-phones. Show all relevant work. Anything irrelevant that is

wrong will be counted against you.
Problem 1: Each correct answer is worth one mark.

a. Negate p ∧ ¬q.

¬(p ∧ ¬q) ≡ ¬p ∨ q

b. State the converse of ¬p→ q.

q → ¬p

c. Write a logically equivalent proposition without using implication for ¬p→ q.

p ∨ q

d. Which rule of inference uses contraposition to draw its conclusion?

Modus tollens.

e. Give an example of a set that has 32 subsets.

Any set with five elements.

f. Let A = {x|x = 3n, n ∈ N}, and B = {x|x = 5n, n ∈ N}. Describe the set A ∩B.

All positive multiples of 15, or {x|x = 15n, n ∈ N}.
g. Find the cardinality of A×B where A = {1, 2, 3, 4, 5}, and B = {x, y, z}.

15

h. Use DeMorgan’s law to find A ∪ (B ∩ C) such that the answer contains complements
of A, B, and C, but not complements of any combination of two or more sets.

(C̄ ∪ B̄) ∩ Ā

i. Evaluate
∑200

k=1 k
3.

(100× 201)2 = 404 010 000

j. Consider a function f : Z→ all 0, 1 strings such that f maps an integer to its binary
representation. Is f bijective?

Yes, one can map back and forth from base 2 to base 10.

k. Give an example of an injective function that is not surjective from the reals to the
reals.

For example, f(x) = ex for all x ∈ R is one-to-one, but not onto because no negative
reals are in the image.l. Give an example of an onto function that is not one-to-one from the integers onto the
integers.

Lots of functions are possible. Here is one piecewise defined for all x ∈ Z:

f(x) =


x, x ≤ 1

−x + 2, 1 < x < 2

x− 2, otherwise

m. Does 11 divide 14641?

Yes, the quotient is 1331.

n. Find the lcm(233557, 27355211).

27355711

o. 678916 − ACE16

5CBB
Score: /15



Problem 2: Write a concise definition for each of the following.

a. Two numbers are relatively prime

b. An algorithm

c. Worst-case complexity for an algorithm

d. a ≡ b (mod m)

a. Their gcd is one.

b. a clear sequence of steps that takes an input from an allowable set of inputs and
produces a well defined output.

c. The maximal number of steps an algorithm requires to execute.

d. m divides a− b.

Score: /4
Problem 3: Determine the truth value of each of the following statements if the domain of
discourse for each variable is the set of all integers. One mark for the correct answer, and
one mark for a complete reason.

a. ∃n∃m(n2 + m2 = 25)

Yes, use n = 3,m = 4.

b. ∃n∀m(n < m2)

True, just take n = −1 which is less than all m2 which is greater than or equal to 0.

c. ∃n∃m(n + m = 4 ∧ n−m = 1)

False because n = 5/2, not an integer after you solve the system of equations.

Score: /6
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Problem 4: The these two assumptions:

a. Logic is difficult or not many students like logic.

b. If mathematics is easy, then logic is not difficult.

Translate these assumptions into statements involving propositional variables and logical
connectives to determine whether each of the following is a valid conclusion of the two
assumptions above. State the rule of inference used in each case.

a. Mathematics is not easy, if many students like logic.

b. Logic is not difficult or mathematics is not easy.

Let p be “Logic is difficult.” Let q be “Many students like logic.” Let r be “Math is easy.”
The assumptions are then p ∨ ¬q and r → ¬p.

a. Now (p ∨ ¬q) ≡ (q → p) and (r → ¬p) ≡ (p→ ¬r), therefore q → ¬r, which is the
desired conclusion.

b. (r → ¬p) ≡ (p→ ¬r) ≡ (¬p ∨ ¬r), which is the desired conclusion.

Score: /6
Problem 5: Prove that

√
5 is not a rational number.

Suppose that
√

5 is rational. Then
√

5 can be written as a fully reduced fraction, say√
5 = p

q
, where gcd(p, q) = 1. Then 5 = (p

q
)2 = p2

q2
, so 5q2 = p2, so p2 is divisible by 5. Since

5 is a prime number, it follows that p is divisible by 5. Thus p = 5k for some integer k.
Now, 5q2 = p2 = (5k)2 = 25k2, so q2 = 5k2, so q2 is divisible by 5. Since 5 is still prime, q is
divisible by 5. Thus both p and q are divisible by 5, so p

q
is reducible by 5. This

contradiction proves that
√

5 is irrational.

Score: /5
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Problem 6: Consider a universe containing the set of natural numbers. Define the set
Ai = {i× n|∀n ∈ (N− {1})}, for all i ≥ 2.

a. Describe A2.

b. Find U − ∪∞
i=2Ai.

a. A2 is the set of even numbers except 2.

b. The result is the set of all primes and 1, the unit.

Score: /4
Problem 7: A survey of 1000 people yielded the following information: 610 owned a DVD
player, 578 owned a microwave oven, and 545 owned both. How many people owned neither
a DVD player nor a microwave oven? Draw a Venn diagram to solve the problem.

357

Score: /3
Problem 8: Find the domain and range of the function that assigns to a bit string the
numerical position of the first 1 in the string and that assigns the value 0 to a bit string
consisting of all 0’s.

Is this function one-to-one?

Domain is all bit strings of at least length 1. Range is all whole numbers.
Not one-to-one because 0011 and 0010 both get mapped to 3 where the first 1 occurs.

Score: /3
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Problem 9: Consider the following algorithm given in pseudocode. The input is an array
of 2 positive integers: (a, b).

x := a ;
y := b ;
whi l e y >0
begin

r := x mod y
x := y
y := r

end {x}

a. What does this program segment do? Name the algorithm.

b. Perform a trace of the program with the array (45, 20).

c. What guarantees that the algorithm will terminate?
Score: /5

The algorithm is the Euclidean Algorithm which finds gcd(a, b).
The algorithm will terminate because r decreases strictly at each iteration and thus will
reach 0 in a finite number of steps.

Problem 10: Show that 2x2 − 3x + 8 = Θ(x2).

Using the triangle inequality,, |2x2 − 3x + 8| ≤ |2x2|+ |3x|+ |8|. If x > 1, then |x| < |x2,
and if x > 3, then |8| < |x2. Thus, if x > 2, |2x2 − 3x + 8| ≤ 2|x2|+ 3|x2|+ |x2| = 6x2, so
2x2 − 3x + 8 = O(x2).
Moreover, |2x2 − 3x + 8| = |2x2 − 4x + x + 8| = |2x(x− 2) + x + 8| ≥ |2x(x− 2)| if x ≥ 0.
Now, if x ≥ 4, then 2(x− 2) ≥ x, so |2x(x− 2)| ≥ x2. Thus, if x ≥ 4, |2x2 − 3x + 8| ≥ x2,
so 2x2 − 3x + 8 = Ω(x2).
Since 2x2 − 3x + 8 = O(x2) and 2x2 − 3x + 8 = Ω(x2), it follows that 2x2 − 3x + 8 = Θ(x2).

Score: /4
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